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Abstract
We show that for a partial action η with closed domain of a compact group G on a
profinite space X the space of orbits X/∼G is profinite, this leads to the fact that when G
is profinite then the enveloping space XG is also profinite. Moreover, we provide conditions
for the induced quotient map πG : X → X/∼G of η to have a continuous section. To prove
this result we use enveloping actions to construct partial actions of quotient groups on orbit
spaces. Relations with continuous sections of the quotient map induced by the enveloping
action of η are also considered. At the end of this work we treat with Exel semigroup and
the action groupoid, in particular we give conditions for them to be profinite spaces.
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1 Introduction
A topological space X is called profinite if there exists an inverse system of finite discrete
spaces for which its inverse limit is homeomorphic to X, equivalently by [11, Proposition 2.4]
X is profinite if it is compact Hausdorff and zero-dimensional. A topological group is profinite
if it is profinite as a topological space. Important examples of profinite groups and spaces
are the group of p-adic integers, p prime, the Galois group on an arbitrary Galois extension,
fundamental groups of connected schemes and the set of connected components of a compact
Hausdorff space. For details in profinite spaces and profinite groups the interested reader may
consult [16] or [17].
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On the other hand, partial actions of groups appeared in the context of C∗-algebras in [6],
in which C∗-algebraic crossed products by partial automorphism were introduced and studied
by analyzing view of their internal structure. Since then, partial group actions have appeared
in many different context, such as the theory of operator algebras, Galois cohomology, Hopf
algebras, Polish spaces, the theory of R-trees and model theory (see [5] for a detail account
in recent developments on partial actions). It is worth to mention that a deep application of
partial actions is given in [3] where it was provided a counter-example for a conjecture of M.
Rørdam and A. Sierakovski related the Banach-Tarski paradox.
A natural question is whether a partial action obtained as restriction of a corresponding
collection of total maps on some superspace. In the topological context, this problem was
studied in [1] and [10]. They showed that for any partial action η = {ηg}g∈G of a topological
group G on a topological space X, there is a topological space Y and a continuous action µ
of G on Y such that X is embedded in Y and η is the restriction of µ to X. Such a space Y
is called a globalization of X. They also show that there is a minimal globalization XG called
the enveloping space of X (see Definition 2.9). However, structural properties of X are not in
general inherited by XG, for instance in [9] it is shown that the enveloping space of a partial
action of a countable group on compact metric spaces is Hausdorff iff the domain of each ηg is
clopen for all g ∈ G, while in [13] there were established conditions for which XG is a Polish
space provided that X and G are.
The present work is structured as follows. After the introduction, in Section 2 we provide the
necessary background and notations on (set theoretic) partial and topological partial actions,
and their corresponding globalization. Also we give some preliminary results that will be needed
in the work. In Section 3 we work with partial actions on a profinite space X and present in
Theorem 3.2 a sufficient condition for the space X/∼G to be profinite, where ∼G is the orbit
equivalence relation determined by the partial action (see equation (3.1)). Later we treat the
problem of finding a continuous section to the quotient map πG : X → X/∼G and show the
existence of such a section when the groupG is finite (see Proposition 3.4) this result is extended
in Theorem 3.10 to the case G profinite, to do so one needs to work with partial actions of
quotient groups, which are not possible to define in a natural way as classical (global) actions.
Thus in Lemma 3.6 and Lemma 3.7 we use globalizations and induced partial actions to provide
a partial action of a quotient group of G on a certain quotient space. Some applications to
quotient maps induced by enveloping actions and enveloping spaces are presented in Subsection
3.2, in particular having a continuous section of πG we show how to find a continuous section
of ΠG (the corresponding quotient map induced by globalization), at this point it is important
to remark that the converse does not seem to be true, that is having a continuous section of
ΠG does not seem to imply that πG has a continuous section, items 4) and 5) of Proposition
2
3.13 deal with this problem (see also Proposition 3.14). We end this work with Section 4 by
considering the Exel semigroup, and the groupoid action in the context of profinite spaces.
2 Preliminaries on partial actions
In this section we state our conventions on partial actions, and prove some results that will be
useful throughout the work. We start with the following.
Definition 2.1. [10, p. 87-88] Let G be a group with identity element 1 and X be a set. A
partially defined function η : G×X 99K X , (g, x) 7→ g ·x is called a (set theoretic) partial action
of G on X if for each g, h ∈ G and x ∈ X the following assertions hold:
(PA1) If ∃g · x, then ∃g−1 · (g · x) and g−1 · (g · x) = x,
(PA2) If ∃g · (h · x), then ∃(gh) · x and g · (h · x) = (gh) · x,
(PA3) ∃1 · x and 1 · x = x,
where ∃g · x means that g · x is defined. We say that η acts (globally) on X if ∃g · x, for all
(g, x) ∈ G×X.
Remark 2.2. In [10] a partial action is only required to satisfy (PA1) and (PA2), and it is
called unital if also (PA3) holds, so for us partial actions are always unital.
Let η be a partial action of G on X, g ∈ G, x ∈ X and U a subset of X. We fix the following
notations:
• G ∗ U = {(g, u) ∈ G× U | ∃g · u}. In particular G ∗X is the domain of η.
• Gx = {g ∈ G | ∃g · x}, GU =
⋃
u∈U
Gu and GU · U = {g · u | u ∈ U, g ∈ Gu}.
• Xg = {x ∈ X | ∃g−1 · x}.
Then η induces a family of bijections {ηg : Xg−1 ∋ x 7→ g · x ∈ Xg}g∈G, such that ηe is
the identity of X and ηg−1 = η
−1
g . We also denoted this family by η. The following result
characterizes partial actions in terms of a family of bijections.
Proposition 2.3. [15, Lemma 1.2] A partial action η of G on X is a family η = {ηg : Xg−1 →
Xg}g∈G, where Xg ⊆ X, ηg : Xg−1 → Xg is bijective, for all g ∈ G, and such that:
(i) X1 = X and η1 = idX;
(ii) ηg(Xg−1 ∩Xh) = Xg ∩Xgh;
(iii) ηgηh : Xh−1 ∩Xh−1g−1 → Xg ∩Xgh, and ηgηh = ηgh in Xh−1 ∩Xh−1g−1 ;
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for all g, h ∈ G.
Example 2.4. [13, Example 2.3] Let η be a partial action of G on X . Consider the family of
bijections η̂ = {η̂g : (G ×X)g−1 → (G ×X)g}g∈G, where (G ×X)g = G ×Xg and η̂g(h, x) =
(hg−1, ηg(x)) for each g ∈ G and (h, x) ∈ G×Xg−1 . Then η̂ is a partial action of G on G×X.
The partial action η̂ defined above, will be useful for our purposes.
Definition 2.5. Let η : G ∗X → X be a partial action of G on X and U ⊆ X, then U is G-
invariant if GU · U ⊆ U, or equivalently, GU · U = U.
We have the next.
Lemma 2.6. Let η be a partial action of G on X and U a nonempty subset of X . Then the
following statements are true:
(i) η(G ∗ U) = GU · U .
(ii) GU · U and its complement are G-invariant.
Proof. Statement (i) is straightforward. To show (ii) denote A := GU ·U and B = X \A. The
assumption GA · A ⊆ A follows from (PA2). Now we check GB · B ⊆ B. Take y ∈ GB · B,
then there are x ∈ B and g ∈ Gx such that ηg(x) = y. Suppose y ∈ A and let m ∈ U, h ∈ Gm
such that ηh(m) = y. Note that ηh(m) ∈ Xh and ηh(m) = y ∈ Xg, then m ∈ η
−1
h (Xh ∩Xg) =
Xh−1 ∩Xh−1g and by (iii) of Proposition 2.3 follows that ηg−1h(m) = x, this implies that x ∈ A,
which is a contradiction, therefore y ∈ B.
From now on in this work G will denote a topological group and X a topological space, we
endow G × X with the product topology and G ∗ X with the induced topology of subspace.
Moreover η : G ∗ X → X will denote a partial action. We say that η is a topological partial
action if every Xg is open and ηg is a homeomorphism, g ∈ G, if moreover η is continuous, we
say that η is a continuous partial action.
Respect the partial action η̂ given in Example 2.4 we have the next.
Proposition 2.7. Let η be a topological partial action of G on X. Then η is continuous if and
only if η̂ is continuous.
Proof. Suppose that η is continuous. It is clear that η̂ is a topological partial action. To show
that η̂ is continuous set α : G ∗ (G×X) ∋ (g, (h, x)) 7→ hg−1 ∈ G and
β : G ∗ (G×X) ∋ (g, (h, x)) 7→ ηg(x) ∈ X. (2.1)
We show that α and β are continuous, for this consider U ⊆ G an open set for which
α(g, (h, x)) ∈ U for some (g, (h, x)) ∈ G ∗ (G × X). Consider V and W open subsets of G
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such that (g, h) ∈ V ×W and WV −1 ⊆ U and define Z0 := (V × G ×W ) ∩ G ∗ (G × X).
It is easy to see that (g, (h, x)) ∈ Z0 and α(Z0) ⊆ WV −1 ⊆ U . This shows that α is con-
tinuous. On the other hand, let U ⊆ X be a open in X such that β(g, (h, x)) ∈ U for some
(g, (h, x)). Since η is continuous there are open sets T ⊆ G, H ⊆ X such that (g, x) ∈ T ×H
and η((T ×H) ∩ G ∗X) ⊆ U. Let Z1 := (T ×G ×H) ∩ G ∗ (G ×X) then (g, (h, x)) ∈ Z1 and
β(Z1) ⊆ η((T ×X) ∩G ∗X) ⊆ U . Thus we conclude that η̂ is continuous.
Conversely, suppose that η̂ is continuous. Let U ⊆ X be an open set such that η(g, x) ∈ U
for some (g, x) ∈ G ∗ X . Note that (g, (1, x)) ∈ G ∗ (G × X) and β(g, (1, x)) = η(g, x) ∈ U .
Since the map β defined in (2.1) satisfies β = π ◦ η̂, where π : G×X ∋ (g, x) 7→ x ∈ X then it is
continuous and there are open subsets M,N ⊆ G and V ⊆ X such that (g, (1, x)) ∈M ×N×V
and β(Z) ⊆ U , where Z := (M ×N × V ) ∩G ∗ (G×X). Define Z ′ := (M × V ) ∩G ∗X . Note
that (g, x) ∈ Z ′, moreover η(Z ′) ⊆ β(Z) ⊆ U, and η is continuous as desired.
Lemma 2.8. Let η be a partial action of G on X. Then the following assertions hold:
(i) If U is an open subset of X, GU · U is open.
(ii) If G ∗X is clopen then Xg is clopen for all g ∈ G.
Proof. The first assertion follows from the fact that for every g ∈ G the set Xg is open and
GU · U =
⋃
g∈GU
ηg(U ∩Xg−1). We check the second one, take g ∈ G, first let us prove that Xg
is closed. Let x ∈ X \Xg, since G ∗X is closed there open sets U ⊆ G and V ⊆ X such that
(g−1, x) ∈ U ×V ⊆ (G∗X)c. Moreover, if y ∈ V then (g−1, y) /∈ G∗X and y /∈ Xg. This shows
that Xg is closed. To prove that Xg is open, take x ∈ Xg then (g−1, x) ∈ G ∗X and there are
open sets U ⊆ G and V ⊆ X such that (g−1, x) ∈ U ×V ⊆ G ∗X from this we get x ∈ V ⊆ Xg
and Xg is open.
2.1 Induced partial actions and globalization
Let u : G × Y → Y be a continuous action of G on a topological space Y and X ⊆ Y an open
set. For g ∈ G, set
Xg = X ∩ ug(X) and let ηg = ug ↾ Xg−1 . (2.2)
Then η : G ∗X ∋ (g, x) 7→ ηg(x) ∈ X is a topological partial action of G on X. In this case we
say that η is induced by u.
An important question in the study of partial actions is whether they can be induced by
global actions. In the topological sense, this turns out to be affirmative and a proof was given
in [1, Theorem 1.1] and independently in [10, Section 3.1]. We recall their construction. Let η
be a topological partial action of G on X. Define an equivalence relation on G×X as follows:
(g, x)R(h, y) ⇐⇒ x ∈ Xg−1h and ηh−1g(x) = y, (2.3)
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and denote by [g, x] the equivalence class of the pair (g, x). Consider the set XG = (G×X)/R
endowed the quotient topology. Then by [1, Theorem 1.1] the action
µ : G×XG ∋ (g, [h, x]) → [gh, x] ∈ XG, (2.4)
is continuous and the map
ι : X ∋ x 7→ [1, x] ∈ XG (2.5)
is a continuous injection such that G · ι(X) = XG and if G ∗X is open then ι is open.
We finish this section with the next.
Definition 2.9. Let η be a topological partial action of G on X. The action µ provided by (2.4)
is called the enveloping action of η and the space XG is the enveloping space or the globalization
of X.
3 Partial actions on profinite spaces
Given a topological partial action of G on X, one can define the orbit equivalence relation ∼G
on X as follows:
x ∼G y ⇐⇒ ∃g ∈ G
x such that g · x = y, (3.1)
for each x, y ∈ X . The elements of X/ ∼G are the orbits Gx · x with x ∈ X and X/ ∼G is
endowed with the quotient topology, in particular by [13, Lemma 3.2] the induced quotient map
of η
πG : X ∋ x 7→ G
x · x ∈ X/∼G (3.2)
is continuous and open.
Our next goal is to show that X/∼G is profinite provided that X is profinite and G compact,
but first for the reader’s convenience we give the next.
Definition 3.1. Two points u and v in X can be separated if there are disjoint open subsets
U and V of X such that u ∈ U, v ∈ V and U ∪ V = X.
It is known that any two different points in a compact space X can be separated, if and only
if, X is Hausdorff and has a basis consisting of clopen sets (see for instance [11, Proposition
2.3]).
Theorem 3.2. Let η : G ∗X → X be a continuous partial action of a compact group G on a
profinite space X such that G ∗X is closed, then X/ ∼G is a profinite space.
Proof. First of all note thatX/ ∼G is compact. Now we show that different points Gx ·x,Gy ·y ∈
X/ ∼G can be separated. Let C := {U ⊆ X : U is clopen, x ∈ U}, then C 6= ∅. We claim that
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there exist U ∈ C such that GU · U ∩ Gy · y = ∅. On the contrary, for each V ∈ C the set
F̃y(V ) = {(g, v) ∈ G ∗ V : ηg(v) = y} is nonempty. Since F̃y(V ) = η−1(y) ∩G ∗ V , it is closed
in G ∗ V and thus closed in G ∗X . Now, if V1, V2 ∈ C, then F̃y(V1 ∩ V2) ⊆ F̃y(V1) ∩ F̃y(V2). In
that sense, {F̃y(V )}V ∈C is a family in G ∗X with the finite intersection property. Thus, there
exist (g, v) ∈
⋂
V ∈C F̃y(V ) which implies v = x and ηg(x) = y and leads to a contradiction.
Then there exist U ∈ C such that GU · U ∩ Gy · y = ∅. Now we check that GU · U is clopen,
indeed it is open thanks to Lemma 2.8, moreover since G ∗ U is compact, X is Hausdorff and
η(G ∗ U) = GU · U , we have that GU · U is closed. Let A = GU · U and B = X \A by Lemma
2.6 the sets A and B are G-invariant and clopen, then π−1G (πG(A)) = A y π
−1
G (πG(B)) = B
and Gx · x y Gy · y are separated by the sets πG(A) and πG(B), respectively.
3.1 On continuous sections of the quotient map
In this section we are interested in providing conditions for which the quotient map πG defined
in (3.2) has a continuous section, for this we adapt some of the ideas presented in [11, Section
2.4] to the context of partial actions. It is important to remark that the partial case is essentially
more laborious than the classical one.
First we give the next.
Definition 3.3. Let η : G ∗X −→ X be a topological partial action of a group G on a set X .
We say that η is free if for each (g, x) ∈ G ∗X such that η(g, x) = x, we have g = 1.
Proposition 3.4. Let G be a finite and discrete group, η a continuous and free partial action
such that G ∗X is clopen. Then πG : X −→ X/∼G has a continuous section.
Proof. Let x ∈ X . We have that ηg(x) 6= ηh(x) for each g, h ∈ Gx such that g 6= h because
η is free. Since G is finite and X profinite, for each g ∈ Gx there is a clopen set Ug such
that ηg(x) ∈ Ug and Ug ∩ Uh = ∅, if g 6= h. Since x ∈ η−1g (Ug ∩ Xg) for each g ∈ G
x,




g (Ug ∩Xg), then V is clopen thanks to the second item of Lemma 2.8. We
will show that πG ↾V : V → πG(V ) is a homeomorphism. To show the injectivity, note that if
ηg(V )∩ V 6= ∅ for some g ∈ G
x then g = 1, indeed let y ∈ ηg(V ) ∩ V since V ⊆ ηg−1(Ug ∩Xg),
then y ∈ Ug. Thus y ∈ Ug∩U1 and g = 1. Now, let a, b ∈ V with πG(a) = πG(b) then there exists
g ∈ Ga such that ηg(a) = b. Thus, b ∈ ηg(Xg−1 ∩ V ) ∩ V and for the previous reasoning g = 1.
This shows that πG ↾V is injective. Moreover, since V is compact and πG(V ) is Hausdorff, we
have that πG ↾V is a homeomorphism. The inverse of πG ↾V is a continuous section of πG over
πG(V ). To finish the proof, note that πG(V ) is clopen since π
−1
G (πG(V )) =
⋃
g∈G ηg(Xg−1 ∩ V )
is clopen. Thus, for each x ∈ X , there exist a clopen neighborhood Vx = πG(V ) of πG(x)
and a continuous section q ↾Vx : Vx → X of πG ↾V . Since X is compact there exist m ∈ N
and V1, V2, · · · , Vm such that X =
m⋃
i=1




i=1 such that Wi ∩Wj = ∅, if i 6= j and using the family {q ↾Wj}
n
j=1 we obtain
a continuous section of πG.
Example 3.5. [8, p. 22] Partial Bernoulli action Let G be a discrete group and X :=
{0, 1}G. There is a continuous global action β = {βg}, where for all ω ∈ X , βg(ω) = gω.
The topological partial Bernoulli action η is obtained by restricting β to the open set Ω1 =
{ω ∈ X : ω(1) = 1}. Thus by (2.2) Dg := Ω1 ∩ βg(Ω1) = {ω ∈ X : ω(1) = 1 = ω(g)} and
ηg = βg ↾D−1g , g ∈ G. Let us show that G ∗ Ω1 is clopen. Let {(ni, xi)}i∈I be a convergent net
to (n, x), since G is discrete then (ni)i∈I is constant and for all i ∈ I, ni = n. On the other
hand, as xi −→ x then 1 = xi(1) −→ x(1) and from this x(1) = 1. Similarly it is obtained
that x(n−1) = 1 and from the above we conclude (n, x) ∈ G ∗ Ω1. On the other hand, take
(n, x) ∈ G ∗ Ω1. Then x ∈ V = (πn−1 ↾Ω1)
−1({1}) and (n, x) ∈ {n} × V ⊆ G ∗ Ω1. This shows
that G ∗ Ω1 is clopen. Thus if G is finite Theorem 3.2 implies that X/∼G is a profinite space.
We shall extend Proposition 3.4 to the case whenG is profinite, but first we use globalizations
to obtain partial actions of quotient groups on certain orbit spaces.
Let η be a topological partial action of G on X . Then for any subgroup H of G η induces
by restriction a topological partial action ηH of H on X . The corresponding orbit equivalence
relation of ηH is denoted by ∼H . On the other hand it is necessary to clarify at this point that
the orbits in the space XG/ ∼H will be denoted by H [g, x] for an element [g, x] ∈ XG.
Lemma 3.6. Let η be a partial action of G on X with G ∗ X open and XG its enveloping
space. Then for each subgroup H the map
ϕ : X/∼H∋ H
x · x 7→ H [1, x] ∈ XG/ ∼H (3.3)
is an embedding, that is continuous, open and injective.
Proof. First of all note that ϕ is well defined. In fact, let x, y ∈ X such that x ∼H y and take h ∈




= µh([1, x]) and [1, y] ∼H [1, x]. This shows that
ϕ is well defined, it is easy to check that ϕ is injective. To prove that ϕ is continuous, consider
πH : X → X/∼H and ΠH : XG → XG/∼H the corresponding projection functions. Since the
map ι defined in (2.5) is continuous and ϕ ◦ πH = ΠH ◦ ι, we conclude that ϕ is continuous. It
remains to check that ϕ is open, let U ⊆ X/ ∼H open, then ϕ(U) = ΠH(ι(π
−1
H (U))) is open
because π−1H (U) is open in X and the functions ι and ΠH are open.
We proceed with the next.
Lemma 3.7. Let η be a free partial action of a profinite group G on a profinite space X , and
H a closed normal subgroup of G. Then there is a continuous free partial action ηG/H of G/H
on X/∼H, such that the spaces (X/∼H)/∼G/H and X/∼G are homeomorphic.
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Proof. Let µ be the globalization of η. Then µ is continuous and induces a continuous action
τG/H on XG/∼H as follows:
τgH : XG/ ∼H∋ ΠH([t, x]) 7→ ΠH([gt, x]) ∈ XG/ ∼H ,
for each gH ∈ G/H . Note that τG/H is free. In fact, let g, t ∈ G and x ∈ X such that
ΠH([gt, x]) = ΠH([t, x]). Then [hgt, x] = [t, x] for some h ∈ H and by (2.3) we have x ∈ X(hgt)−1t
and ηt−1hgt(x) = x, moreover the fact that η is free implies then hg = 1 and g ∈ H , this shows
that gH = H and τG/H is free. Now let ϕ be defined by (3.3) since ϕ is open, by restricting




gH : Xg−1H → XgH}gH∈G/H
of G/H on Im(ϕ), where XgH = τgH(Im(ϕ)) ∩ Im(ϕ) and η′gH = τgH ↾ Xg−1H (see equation
2.2), it is not difficult to see that η′G/H is continuous and free. On the other hand, using η
′
G/H






for each x ∈ ϕ−1(Xg−1H). It is easy to check that ηG/H is free and continuous.
Let ∼G/H be the orbit relation in T induced by ηG/H . We are going to show that T/∼G/H









where ψ is made such that the diagram commutes, that is
ψ(πG/H (πH(x))) = πG(x), (3.5)
for each x ∈ X . Let us first prove that ψ is well defined, take z ∈ T/∼G/H and x, y ∈ X such
that πG/H(πH(x)) = πG/H(πH(y)) = z. Then there is g ∈ G with ηgH(πH(x)) = πH(y), that
is, ϕ−1(τgH(ϕ(πH (x)))) = πH(y) which implies H [g, x] = H [1, y] and there is h ∈ H such that
[hg, x] = [1, y]. We deduce that ηhg(x) = y and πG(x) = πG(y) which shows that ψ is well
defined. Moreover the map ψ is continuous and surjective.
Let us prove that ψ is injective. Let z1, z2 ∈ T/ ∼G/H such that ψ(z1) = ψ(z2), and
let x, y ∈ X such that πG/H(πH(x)) = z1 and πG/H(πH(y)) = z2. Since πG(x) = πG(y),
there is g ∈ Gx such that ηg(x) = y. To prove that z1 = z2, we need t ∈ G such that






ϕ(πH(y)) = H [1, y] = H [g, x],
then ηgH(πH(x)) = πH(y). Thus ψ is injective.




G/H(U))) ⊆ X/ ∼G
is open. Thus, ψ(U) is open and ψ is a homeomorphism.
Let H1, H2 be subgroups of G such that H1 ⊆ H2. We define πH1,H2 : X/∼H1→ X/∼H2 as
the only map such that
πH2 = πH1,H2 ◦ πH1 , (3.6)
in particular for a subgroup H of G the map πH,H is the identity on X/∼H .
Remark 3.8. According to the notations of Lemma 3.6 and Lemma 3.7 suppose that there
exists a continuous section λ of πG/H . Note that λ◦ψ
−1 is a continuous section of πH,G. Indeed,
take x ∈ X . We have
(λ ◦ ψ−1)(πG(x))
(3.5)
= (λ ◦ πG/H)(πH(x)) = πH(y), (3.7)
where y ∈ X is chosen such that λ(πG/H(πH(x))) = πH(y). From this follows that πG/H(πH(x)) =





= ϕ−1(τgH(ΠH([1, x]))) = ϕ
−1(ΠH([g, x])),
then ΠH([g, x]) = ΠH([1, y]) and there is h ∈ H such that ηgh(x) = y. This shows that
πG(x) = πG(y). Moreover





= πG(y) = πG(x),
as desired.
In order to show the main result of this section we recall the following:
Lemma 3.9. The following statements hold.
• [17, Proposition 1.1.6] Let {Xi; f
j
i , I} be an inverse system of compact Hausdorff topo-
logical spaces over a directed set I, and (X ;πi) be its inverse limit. If Y ⊆ X is such that
πi(Y ) = Xi for each i ∈ I, then Y is dense in X .
• [11, Lemma 2.12] Let G be a profinite group and N a closed normal subgroup of G. If
N 6= {1}, then there is a proper subgroup M of N such that M is open in N and normal
in G.
We write N Ecl G to indicate that N is a closed normal subgroup of G. We give the next.
Theorem 3.10. Let η be a continuous and free partial action of a profinite group G on a
profinite space X such that G ∗X is clopen. Then πG : X → X/ ∼G has a continuous section.
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Proof. Consider
X := {(F, r) : F Ecl G and r is a continuous section of πF,G}.
Note that X 6= ∅ because (G, idπG(X)) ∈ X . We define a partial order in X as follows: For each
(F, r) and (F ′, r′) ∈ X , we say that
(F, r) ≤ (F ′, r′) if and only if F ′ ⊆ F and πF ′,F ◦ r
′ = r.
Let C = {(Fi, ri) : i ∈ I} be a chain in X . Then {X/ ∼Fi ;πFi,Fj ; C} is an inverse system of
topological spaces. Consider lim
←−
X/ ∼Fi and for each i ∈ I let πi : lim
←−
X/ ∼Fi→ X/ ∼Fi
the corresponding projection map, we are going to prove that lim
←−
X/ ∼Fi and X/ ∼F are
homeomorphic, where F =
⋂
i∈I Fi. In that sense, note that if (Fi, ri) ≤ (Fj , rj) then πFj ,Fi ◦
πFj = πFi thanks to (3.6), and by the universal property of lim
←−
X/ ∼Fi there is a unique
continuous map e : X → lim
←−
X/ ∼Fi such that πi ◦ e = πFi , for each i ∈ I. We claim that e
is surjective. In fact, since πFi is surjective for each i ∈ I we know that e(X) is dense thanks
to the first item of Lemma 3.9. Moreover lim
←−
X/ ∼Fi is Hausdorff by Theorem 3.2 for each i.
Then e(X) = lim
←−
X/ ∼Fi .
The prove that induced function e : X/ ∼F→ lim
←−
X/∼Fi is homeomorphism is analogous
to the prove given in [11, Proposition 2.9]. Now, let i, j ∈ I such that (Fi, ri) ≤ (Fj , rj).
We have ri = πFj ,Fi ◦ rj , then by the universal property of lim
←−
X/ ∼Fi there is a unique
continuous function r : X/ ∼G→ lim
←−
X/∼Fi such that πi ◦ r = ri for each i ∈ I. Consider
q : X/ ∼G→ X/ ∼F defined by q = e
−1 ◦ r. Let us prove that (F, q) ∈ X , take x ∈ X and
z := Gx · x we need to check that πF,G(q(z)) = z. Let t ∈ X such that q(z) = F t · t, then
r(z) = e(F t · t) = e(t), that is (ri(Gx · x))i∈I = (πFi(t))i∈I . If i ∈ I then
Gt · t = πFi,G(πFi (t)) = πFi,G(ri(G
x · x)) = Gx · x,
and πF,G(q(z)) = G
t · t = Gx · x = z. Finally we have to prove that (Fi, ri) ≤ (F, q), for each
i ∈ I. Let i ∈ I, z = Gx · x ∈ X/ ∼G and t ∈ X such that q(z) = F t · t it follows by the
previous reasoning that ri(z) = πFi(t), which is πF,Fi(q(z)) = πF,Fi(F
t · t) = πFi(t) = ri(z).
This shows that (Fi, ri) ≤ (F, q) and by Zorn’s Lemma we conclude that there is a maximal
element (N, t) ∈ X .
To finish the proof we show that N = {1}. Suppose that there exist a open subgroup M
of N such that M is normal in G. Since N acts continuously on X we get by Lemma 3.7
that N/M acts partially and continuously on T := X/ ∼M and there is a homeomorphism
ψ : T/∼N/M→ X/ ∼N . Moreover by [16, Lemma 2.1.2] the group N/M is finite thus there is
λ : T/ ∼N/M→ T a continuous section of πN/M : T → T/ ∼N/M , thanks to Proposition 3.4 and
follows by 3.8 that λ◦ψ−1 is a continuous section of πM,N , then α := λ◦ψ
−1 ◦ t is a continuous
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section of πM,G and (M,α) ∈ X . Besides
πM,N ◦ α = πM,N ◦ λ ◦ ψ
−1 ◦ t = IdX/∼N ◦ t = t,
then (N, t) ≤ (M,α). Since (N, t) is maximal, we conclude that N = M and by the second
item of Lemma 3.9 we have that N = {1}, that is, t is a continuous section of πG.
Example 3.11. Let G be a profinite group with internal operation >, then G acts freely
and continuously on itself with action >. Let us take a open subgroup U of G and consider
θ = {θg : Dg−1 −→ Dg}g∈G the restriction of > on U , where for each g ∈ G, Dg = U ∩ gU .
It’s clear that θ is free and continuous. On the other hand note that G ∗ U = G × U and
from [16, Lemma 2.1.2] it follows that G ∗ U is clopen. By the Theorem 3.10 we conclude that
πG : U −→ U/ ∼G admits a continuous section.
Remark 3.12. Notice that in general the assumption that η acts freely on X, cannot be
omitted even when η acts globally, see for instance [16, Example 5.6.8].
3.2 Applications to the globalization
Let µ be the globalization of η and XG the enveloping space of X according to Definition 2.9,
we apply our results to the study of XG and the relation between continuous sections of the
maps πG and ΠG, being ΠG the corresponding quotient map of the enveloping action µ.
Proposition 3.13. Let η be a continuous partial action of a profinite group G on a profinite
space X. Then the following statements hold.
1. If G ∗X is closed, then XG is profinite.
2. If µ is free and G ∗X is clopen, then ΠG has a continuous section.
3. If πG has a continuous section so does ΠG.
4. If G ∗X is open and q is a continuous section of ΠG such that im q ⊆ ι(X), then πG has
a continuous section.
5. If ΠG and Π̂G have continuous sections, then πG has continuous section, where Π̂G is the
quotient map G×X → XG.
Proof. 1) Let η̂ be given by Example 2.4, by Proposition 2.7 the map η̂ is continuous, denote
∼Ĝ the orbit equivalence relation on G×X determined by η̂ then by [13, Theorem 3.3] we get
XG = (G×X)/∼Ĝ. Thus using Theorem 3.2 it is enough to check that G∗ (G×X) is closed in
G×G×X. In that sense, let (g, (h, x)) /∈ G∗(G×X) then (h, x) /∈ G×Xg−1 and (g, x) /∈ G∗X,
since G∗X is closed there are open sets T ⊆ G and U ⊆ X such that (g, x) ⊆ T ×U ⊆ (G∗X)c.
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Note that (g, (h, x)) ∈ T × (G × U) ⊆ (G ∗ (G ×X))c. This shows that G ∗ (G ×X) is closed
and we conclude that XG is profinite.
2) We know that XG is profinite and that µ is continuous, we check that it is free. Let
g ∈ G and [h, x] ∈ XG such that [h, x] = µg([h, x]) = [gh, x], then by (2.3) x ∈ Xh−1gh and
ηh−1g−1h(x) = x, thus g = 1 because η is free. This shows that µ is free and by Theorem (3.10)
we conclude the proof.
3) Suppose that q : X/∼G→ X is a continuous section of πG. Consider
s : (XG/ ∼G) ∋ G · [1, x] 7→ ι(q(πG(x))) ∈ XG,
where ι is given by (2.5). We claim that s is a continuous section of ΠG. First note that s is
well defined. In fact, let x, y ∈ X such that [1, x] ∼G [1, y], we have that πG(x) = πG(y). Let
zx = q(πG(x)) and zy = q(πG(y)), then πG(zx) = πG(x) = πG(y) = πG(zy). Thus
s(G · [1, x]) = [1, zx] = [1, zy] = s(G · [1, y]),
and s is well defined. Since q and ι are continuous we get that s is continuous. To finish the
proof, take x ∈ X and let yx ∈ X such that q(πG(x)) = yx. Since πG(yx) = πG(x) there is
g ∈ Gx such that ηg(x) = yx. Thus µ(g, [1, x]) = [1, yx] and we have
(ΠG ◦ s)(G · [1, x]) = ΠG([1, yx]) = G · [1, yx] = G · [1, x].
This shows that s is continuous section of ΠG.
4) Let r : (X/∼G) ∋ Gx · x 7→ ι−1(q(G[1, x])) ∈ X. It is not difficult to check that r
is well defined, moreover the fact that G ∗ X is open implies that ι is open and thus r is
continuous. Finally take x, zx ∈ X such that q(G[1, x]) = [1, zx], then G[1, x] = G[1, zx] which
gives πG(x) = πG(zx), this implies πG(r(G
x · x)) = πG(zx) = πG(x) and r is a continuous
section of πG.
5) Let q : XG/ ∼G→ XG and t : XG → G × X be continuous sections of ΠG and Π̂G,
respectively. Define
p : X/∼G∋ G
x · x 7→ proj2(t(q(G · [1, x]))) ∈ X.
We check that p is a continuous section of πG. The map p is well defined and continuous since
X/ ∼G∋ Gx · x 7→ G[1, x] ∈ XG/ ∼G is continuous. On the other hand, take x ∈ X . Let
h, k ∈ G and y, z ∈ X such that q(G[1, x]) = [h, y] and t([h, y]) = (k, z), then G[1, x] = G[h, y]
and [k, z] = [h, y]. Thus ηh−1g(x) = y and ηk−1h(y) = z for some g ∈ G, then G
x · x = Gz · z
and we have that πG(p(G
x · x)) = Gz · z = Gx · x, as desired.
It follows by [14, Lemma 4.2] that Π̂G has a Borel section, provided that G and X are also
a Polish group and a Polish space, respectively. Thus by 1) of Proposition 3.13 and the proof
5) of the same Proposition we have the next.
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Proposition 3.14. Let η be a continuous partial action of a profinite polish group G on a
profinite Polish space X such that G ∗X is closed, then πG has a Borel section.
4 A remark on Exel’s semigroup and the action groupoid
4.1 The Exel’s semigroup
The Exel’s semigroup S(G) of G appeared for the first time in [7], where it was shown that
the actions of S(G) are in one-to-one correspondence with the partial actions of G, both in
the case of actions on a set. Later in [10] the authors proved that S(G) is isomorphic to the
Birget-Rhodes expansion G̃R := {(A, g) ∈ P(G) × G : {1, g} ∈ A} of G, where P(G) denotes
the finite subsets of G, and thus S(G) is identified with G̃R.
In the topological context this semigroup was considered in [4] as follows: Let G be a locally
compact group and K1(G) be the semilattice compact subsets of G containing 1, we endow with
the Vietoris topology, set
G̃Rc := {(A, g) ∈ K1(G)×G : {1, g} ∈ A},
with product (A, g)(B, h) = (A ∪ gB, gh). It is shown in [4] that G̃Rc is a topological inverse
monoid.
Now suppose that G is a profinite group, we shall check that G̃Rc is profinite. First of
all it is not difficult to check that K1(G) is a compact Hausdorff space, moreover by [12,
Proposition 8.6] the space K1(G) is zero-dimensional, from this we get that K1(G) × G is
profinite and thus it is enough to show that G̃Rc is closed in K1(G) × G. In that sense, take
(A, g) ∈ (K1(G) ×G) \ G̃Rc . Then g ∈ A
c and there is a clopen U ⊆ G such that g ∈ U ⊆ Ac.
Note that (A, g) ∈ 〈U c〉 × U ⊆ (K1(G) × G) \ G̃Rc , and we conclude that G̃
R
c is closed. Thus
G̃Rc is profinite. The same reasoning is used to prove that G̃
R is profinite and thus the Exel
semigroup is profinite whenever G is.
4.2 The action groupoid
The shortest definition of groupoid is the following: a groupoid G is a small category closed
under inversions and in which every morphism is an isomorphism.
According to [10, p. 100] or [8, p. 8] using a partial action η of a group G on a set X we
have the action groupoid G, where G = G ∗X as sets, ·−1 : G ∋ (g, x) 7→ (g−1, g · x) ∈ G is a
unary and partial product ∗ : G × G −→ G is a partial binary operation defined as follows: if
(g, x), (h, y) ∈ G, then (g, x) ∗ (h, y) = (gh, y) provided that x = h · y and undefined otherwise.
The groupoid G plays an important role in the connection of partial actions with star injective
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functor on G (see [10, p. 602]) and as being isomorphic (as groupoids) to the graph groupoid it
is also relevant in the study of C∗-algebras (see [2]).
If G and X are profinite and G = G ∗X is closed, then it is profinite as a topological space.
It remains to check that the operations are continuous. We shall do this in the case that G
is finite (then discrete). We start with the inversion map. For this take (g, x) ∈ G and an
open set V ⊆ G such that (g−1, ηg(x)) ∈ V . Now there are open sets T1 ⊆ G and T2 ⊆ X
such that V = G ∩ T1 × T2. Consider W := {g} × ηg−1(T2 ∩ Xg), then W ⊆ G is open and
(g, x) ∈ W . Let (m,n) ∈ ·−1(W ), then there exists (g, w) ∈ W such that ·−1(g, w) = (m,n)
(g−1, θg(w)) = (m,n) and we have (m,n) ∈ V which shows that the map ·−1 is continuous.
Let us now show the continuity of ∗, take ((g, ηh(x)); (h, x)) ∈ G × G and U ⊆ G is a open
set such that (gh, x) ∈ U . As above there are open sets U1 ⊆ G and U2 ⊆ X such that
U = G ∩ U1 × U2. Consider the open sets W1 = {g} × Xh,W2 = {h} × (Xh−1 ∩ U2) and
W := W1 ×W2, then ((g, θh(x)); (h, x)) ∈ W. Finally, if (s, t) ∈ ∗(W ) there is m ∈ Xh−1 ∩ U2
such that (gh,m) = ∗((g, θh(m)); (h,m)) = (s, t) and from this we get (s, t) ∈ U and ∗ is
continuous.
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